For a class of dynamical systems, called the axiom-A systems, Sinai, Ruelle and Bowen showed the existence of an invariant measure (SRB measure) weakly attracting the temporal average of any initial distribution that is absolutely continuous with respect to the Lebesgue measure. Recently, the SRB measures were found to be related to the nonequilibrium stationary state distribution functions for thermostated or open systems. Inspite of the importance of these SRB measures, it is difficult to handle them analytically because they are often singular functions. In this article, for two kinds of thermostated Baker-type maps, the SRB measures are analytically constructed with the aid of a functional equation, which was proposed by de Rham in order to deal with a class of singular functions. We first briefly review the properties of singular functions including those of de Rham. Then, the Baker-type maps are described, one of which has a Cantor-like invariant set, and the other does not. We show that the evolution equation of the distribution functions partially integrated over the unstable direction is very similar to de Rham's functional equation and, employing this analogy, we explicitly construct the SRB measures.
I. SRB MEASURES AND STATISTICAL MECHANICS
The long-term behavior of a dynamical system is characterized by an invariant measure µ on an invariant set A, which describes how frequently various parts of A are visited by a given orbit x(t) (with t the time). The invariant measure is said to be ergodic if it cannot be decomposed into different invariant measures. Such an ergodic invariant measure µ satisfies the ergodic theorem [1, 2] . In case of a map S, it asserts that, for any continuous function ϕ(x), we have
.
(x ∈ A\E with µ(E) = 0) (1.1)
A dynamical system typically admits uncountably many distinct ergodic measures and not all of them are physically observable. One criterion of choosing a physical measure µ is that µ describes the time averages of observables on motions with initial data x randomly sampled with respect to the Lebesgue measure µ 0 [2, 3] :
. (x ∈ Σ with Σ ⊃ A and µ 0 (Σ) > 0) (1.2) Sinai, Ruelle and Bowen showed that a class of dynamical systems, called axiom-A systems, uniquely admit such a physical invariant measure (Sinai-Ruelle-Bowen (SRB) measure) [2] [3] [4] . Thus an SRB measure is one for which the ergodic theorem is true for almost every point, x, with respect to the Lebesgue measure µ 0 .
Axiom-A systems are characterized by the hyperbolic structure, i.e., the existence of exponentially stable and exponentially unstable directions which intersect transversally with each other. In case of bijective differentiable maps (i.e., diffeomorphisms), the hyperbolic structure is defined as follows: Consider a given orbit S t x (t = 0, ±1, ±2, · · ·) and small deviations δx of the initial value x. Note that there are m independent possible directions of δx when the phase space dimension is m. Assume that the deviations along m s directions decrease more rapidly than an expontial function e −λt (λ > 0 and t ≥ 0)
and that the deviations along the other m − m s directions grow more rapidly than an exponential function e λt (t ≥ 0 and the same λ). An invariant set Λ is said to be hyperbolic when 1) for any x ∈ Λ, the orbit S t x has the m s stable and m − m s unstable directions as explained above, 2) the stable and unstable directions depend continuously on x and 3) the stable and unstable directions for the point x are mapped by S t to the corresponding directions for the point S t x.
A point x is said to be nonwandering if the orbit S t x returns indefinitely often to any neighborhood of its initial point x. If the set Ω of all nonwandering points is hyperbolic and the set of periodic points is dense in Ω, S is called an axiom-A diffeomorphism. In particular, if the whole phase space M is hyperbolic, S is called an Anosov diffeomorphism.
The Arnold cat map is an example of an Anosov diffeomorphism.
Invariant measures that are smooth along the unstable directions are called SRB measures. Sinai, Ruelle and Bowen showed that, for axiom-A diffeomorphisms, the SRB measure is the unique physical measure µ describing the time averages (1.2) of observables of motion with initial data x taken at random with respect to the Lebesgue measure µ 0 [2] [3] [4] . For more details on axiom-A systems and SRB measures, see Refs.2, 3 and 5.
In Gibbs' picture of statistical mechanics, a macroscopic state for an isolated system is described by a phase-space distribution function, and a macroscopic observable by an averaged dynamical function with respect to the distribution. Suppose that the dynamics satisfies the mixing condition with respect to the microcanonical distribution µ mc :
where M stands for the whole phase space, ϕ(x) is a continuous dynamical function and ρ 0 (x) is a normalized initial distribution function. Then, the system exhibits time evo-lution as expected from statistical thermodynamics. Namely, the distribution function weakly approaches an equilibrium microcanonical distribution and the dynamical functions approach well defined equilibrium values [1] . From this point of view, instead of (1.2), it is enough to consider the following condition as a criterion of choosing a physical measure µ:
where µ 0 stands for the Lebesgue measure, M is the whole phase space, A the attractor and ϕ(x) and ρ 0 (x) are respectively a continuous dynamical function and a normalized initial distribution function. Sinai, Ruelle and Bowen [4] showed that the SRB measures for the axiom-A systems satisfy (1.4) as well. Hence, the measure satisfying (1.4) will be refered to as a physical measure. Since the left hand side of (1.4) is the average ϕ t of ϕ at time t, (1.4) can be generalized to define a physical measure µ for systems with escape [14, [20] [21] [22] lim 5) where χ M stands for the characteristic function of the phase space M and A ′ is the support of µ. The denominator of the middle expression is necessary as the total probability is not preserved. Note that, when there is no escape and the initial distribution ρ 0 is normalized, (1.5) reduces to (1.4). We remark that the physical measure thus defined is, in general, not an invariant measure (cf. Sec.IV B).
Recently, the SRB measures were found to be related to the nonequilibrium stationary state distribution functions for thermostated or open systems. In the thermostated systems [6] [7] [8] [9] [10] [11] [12] [13] [14] , a special damping force is introduced to avoid an uncontrolled growth of the kinetic energy due to an external driving force . The damping force is chosen so as to make the dynamics dissipative while it preserves time-reversibility. As a result of the dissipation, there exists an attractor of zero Lebesgue (or Liouville) measure and the nonequilibrium stationary state is described by an asymptotic SRB measure defined by (1.2). On the other hand, open chaotic Hamiltonian systems with a flux boundary condition [15] [16] [17] admit a nonequilibrium stationary state obeying Fick's law that is described by a measure with a fractal structure along the contracting direction. Since the measure is smooth along the expanding direction and can be defined by (1.4), it is an SRB measure [15] . Moreover, an open Hamiltonian system with an absorbing boundary condition has a fractal repeller, that controls the chaotic scattering [18, 19] . The fractal repeller supports an SRB-like physical measure, which can be obtained from an initial measure absolutely continuous with respect to the Lebesgue measure by renormalizing the measure at every time [14, [20] [21] [22] . However, it should be noticed that the two cases are different because the invariant set of an open system is a fractal repeller and that of a thermostated system is an attractor.
The interrelation between the two approaches has been discussed by Breymann, Tél and
Vollmer [23] .
Since SRB measures are typically singular along the contracting direction, it is difficult to handle them analytically. In this article, we present an analytical construction of the SRB measures for two kinds of thermostated Baker-type maps, one of which has a Cantor- 
where 0 < a < 1, b is a positive number and ab ≥ 1. Moser [26] used the Weierstrass function to construct a nowhere differentiable torus for an analytic Anosov system.
Yamaguti and Hata [27] used it as a generating function of orbits for the logistic map and discussed some generalizations. Also Weierstrass functions are eigenfunctions of the Frobenius-Perron operator for the Renyi map Sx = rx (mod 1) with r a positive integer [28, 29] .
In 1903, Takagi gave a simpler example of a nowhere differentiable continuous function [30] (Fig.2) : by replacing 2 n to 10 n [31] . In 1957, the Takagi function was rediscovered by de Rham [24] . Some generalizations of the Takagi function were discussed by Hata and Yamaguti [27, 32] . The function T (x) − 1/2 is the eigenfunction of the Frobenius-Perron operator for the map Sx = 2x (mod 1) with eigenvalue 1/2. Also, the Takagi function and related functions were found to describe the nonequilibrium stationary state obeying Fick's law for the multibaker map [15] .
In the theory of the Lebesgue integral, there appear nonconstant functions with zero derivatives almost everywhere, which are sometimes refered to as Lebesgue's singular functions [33, 34] . One typical example is the Cantor function (Fig.3) . More interesting example f α (x) (0 < α < 1, α = 1/2) is the unique function satisfying
which is strictly increasing and continuous, but has zero derivatives almost everywhere with respect to the Lebesgue measure [34] (Fig.4) . Note that such functions do not satisfy the fundamental theorem of calculus [33] : by Hata and Yamaguti [27, 32] , there exists an interesting relation between f α (x) and the Takagi function:
In 1957, de Rham found that the Weierstrass function, the Takagi function and
Lebesgue's singular function as well as other singular functions are fully characterized as a unique solution f of a functional equation 
holds for some constant 0 < λ < 1 and for any functions f 1 and f 2 , where the function norm · is defined as the supremum: [34] and the fact that the mapping f → F f + g is contraction. Let the mapping F α,β be
then the Weierstrass function W a,2 , the Takagi function T (x) and Lebesgue's singular function f α (x) are the unique solution of (2.4) respectively for α = β = a, g(x) = cos πx,
with θ the step function [24] . For more information on singular functions, see Refs.32 and 38.
Before closing this section, we remark on Riemann-Stieltjes integrals with respect to singular functions, which will appear in the next section. Suppose f (x) is of bounded variation and ϕ(x) is continuous. Then, the Riemann-Stieltjes integral of ϕ with respect to f is defined by the limit 33, 34] . Since the formula for the integration by parts
holds in general, the Riemann-Stieltjes integral of a function of bounded variation with respect to a continuous function can be defined as above. At first sight, the evaluation of the Riemann-Stieltjes integral (2.6) seems to be difficult. But, for a class of functions obeying de Rham's equation, it is not the case. As an example, consider the FourierLaplace transformation of f α (x):
By dividing the integral into the ones over [0,1/2] and [1/2,1] and changing the variable x to x/2 and (x + 1)/2 respectively, we have the recursion relation
where the de Rham equation (2.4) is used in the second equality. Because
Note that, for α = 1/2, I(2 m π) = I(2π)( = 0) (m = 0, 1, · · ·) and, hence, the FourierLaplace transformation of f α does not satisfy the Riemann-Lebesgue lemma: lim η→∞ I(η) = 0, that again implies the singular nature of f α .
Further we notice that the formula (2.7) and the Hata-Yamaguti relation [27, 32] relate the Lebesgue's singular function and the Takagi function to the Weierstrass functions:
where the sums runs over positive odd integers, W 1/2,2 (x) is the Weierstrass function (2.1) and W 1/2,2 (x) is a singular function obtained from (2.1) by replacing cos to sin.
III. SRB MEASURE FOR AN ATTRACTOR-REPELLER MAP
One of the simplest non-conservative systems which have time reversal symmtery is given by (Fig. 5 )
where s L + s R = 1 and 0 < s L < 1. The map is non-conservative since its Jacobian takes 
where U stands for the Frobenius-Perron operator defined by the second equality and δ[·]
is the 2-dimensional delta function. Since the map Φ is not conservative, the numerical factors s R /s L and s L /s R different from 1 appear in the last expression.
In the following, we show that, when the initial distribution function ρ 0 is continuously differentiable in x, and a dynamical function ϕ is continuously differentiable in y and continuous in x, an expectation value of the dynamical function ϕ(x, y) with respect to ρ t converges to an expectation with respect to a singular measure given below. The convergence rate is controlled by the smoothness of the initial distribution function and the dynamical function, and the condition given above is sufficient for the exponential convergence.
The first step is to express the expectation value by the partially integrated distribution function, i.e.,
where and the integration by parts is used in the second equality. The evolution equation for P t can be obtained easily from (3.2):
Partial integration of the distribution function changes the prefactors from s R /s L and s L /s R respectively to s R and s L , which are strictly less than unity. Because of this, the evolution equation (3.3b) is similar to de Rham's functional equation (2.4).
The next step is the calculation of lim t→∞ P t . Putting y = 1 in (3.3b), we obtain
Note that this is nothing but the Frobenius-Perron equation for a 1-dimensional map
, which admits the Lebesgue measure as the invariant measure. As a consequence, the integral of P t (x, 1) over the unit interval [0,1] is invariant. Indeed, by integrating (3.4), we have
On the other hand, since ρ 0 and, hence, P 0 is continuously differentiable in x, (3.4) implies that P t (x, 1) (t = 1, 2, · · ·) are also continuously differentiable in x. And the derivative ∂ x P t (x, 1) satisfies the equation
which leads to an inequality
where the function norm is defined by
Since the function P t (x, 1) can be represented as
we finally obtain
or simply
In order to proceed the calculation, one needs the following lemma:
Lemma Let F be a linear contraction mapping with the contraction constant 0 < λ < 1 defined on a (Banach) space of bounded functions equipped with the supremum norm · (i.e.,
be a given function where g (0) , g (1) and
are bounded functions, ν is a constant satisfying λ < |ν| ≤ 1, and g (2) t ≤ Kλ t with a constant K > 0. Then, the solution of the functional equation
is given by
where f
∞ and f
∞ are the unique solutions of the following fixed point equations
The proof of the lemma is straightforward: From (3.6), one obtains
By rewriting the right hand side in terms of g (0) , g (1) and g (2) t , this relation leads to
The first sum
∞ and the second sum
is f
∞ , which satisfy eqs.(3.7b) and (3.7c) respectively. By repeatedly using the property of F , we have
which is O(tλ t ) and implies the desired result (3.7a).
Now we go back to the equation (3.3b) for P t (x, y), which can be rewritten as
where the contraction mapping F and a function g t are respectively given by
The contraction constant of the mapping F is λ = max(s L , s R ). As the equations (3.8a), (3.8b), (3.8c) and (3.8d) satisfy the condition of the lemma and the contraction mapping F given by (3.8b) is linear, the lemma implies
where F s L (y) is the unique solution of de Rham's functional equation
By substituting (3.9a) into (3.3a) and employing the integration by parts, we have
(3.10)
We remind the reader that (3.10) holds for any continuous function ϕ(x, y) and any integrable function ρ 0 (x, y) which are continuously differentiable respectively in y and x. If ρ 0 is normalized with respect to the Lebesgue measure, (3.10) gives
This shows that the physical measure µ ph of the system is given by
Clearly it is absolutely continuous along the expanding x-direction and, thus, is an SRB measure. As studied in Ref. 37 , the function F s L is non-decreasing, has zero derivatives almost everywhere with respect to the Lebesgue measure and is Hölder continuous with (Fig. 6 ), but its fractal dimension is D = 1 as a result of the Besicovich-Ursell inequality [40] : 1 ≤ D ≤ 2 −δ = 1. Moreover, the 1-dimensional measure defined by F s L is multifractal and its spectrum of dimension D q (−∞ < q < +∞) is given as the solution of [37] 
There exists an interesting relation between F s L and Lebesgue's singular function f α :
which immediately follows from the fact that the right-hand side obeys the same functional equation as F s L . Note that, since f s R is continuous and strictly increasing, the inverse f −1 s R exisits and is also strictly increasing. As a composite function of two strictly increasing functions f s L and f
, F s L is also strictly increasing. Because of these singular properties of F s L , the physical measure µ ph is singular along the contracting y-direction.
The physical measure µ ph is mixing with respect to the map Φ. Indeed, by considering 
provided that ϕ(x, y) and ρ 0 (x, y) are continuously differentiable respectively in y and x and that ρ 0 is normalized: ρ 0 (x, y)dxdy = 1. By using this fact, the Lyapunov exponents can be analytically calculated as follows: The Jacobian matrix for Φ is diagonal, and the logarithm of the component along the expanding x direction, the local expanding rate
The Lyapunov exponent along the x direction (the positive Lyapunov exponent) is defined as the average of Λ x (x, y) over an orbit starting from some initial point (x, y). Since the system is ergodic, the Lyapunov exponent can be obtained from (1.2) using the measure
Similarly, the Lyapunov exponent along the y direction (the negative Lyapunov exponent)
Now we consider the backward time evolution. In the same way as the forward evolution, we find that another partially integrated distribution functionP t (x, y) =
converges for t → −∞ and we have 
The negative Lyapunov exponents of the two maps are also the same:
The equality of Lyapunov exponents for (Φ, µ ph ) and (Φ −1 ,μ ph ) is a general consequence of the time reversal symmetry of the system.
We further notice that the natural invariant measureμ ph of Φ −1 is also invariant under Φ as follows straightforwardly from the reversibililty of Φ :
is equivalent toμ
That is, we may think ofμ ph as the invariant measure on the fractal repeller for Φ. While this repeller is indeed invariant, any slight deviations from this repeller will evolve toward the attractor for Φ. The Lyapunov exponents for the repeller are easily found to be
It is useful to note that the positive (negative) Lyapunov exponent ofμ ph can be found by changing the sign of the negative (positive) Lyapunov exponent of µ ph . This fact is widely used in the analysis of the Lyapunov spectrum of thermostated many particle systems [6, 9, 10] . In our case this result follows from the observations that
Thus the Lyapunov spectrum changes sign under the exchange of µ ph andμ ph .
Moreover we can apply the escape-rate formalism [19] [20] [21] [22] to the attractor-repeller pair under discussion here. To do this we use the fact that the entropy of (Φ, µ ph ) is 20) which follows from the Pesin's identity [2] and can also be computed directly from the entropy of the generating partition formed by the two elements 0 ≤ x ≤ s L and s L ≤ x ≤ 1.
From the same partition, it is readily seen that the entropy of (Φ,μ ph ) is also
Now we can define the escape rate, γ, from the repeller to the attractor. That is, 22) which is then equal to
Thus, the escape rate from the repeller formed byμ ph is equal to minus the sum of the Lyapunov exponents of (Φ, µ ph ).
IV. SRB MEASURE FOR A GENERALIZED BAKER MAP
The second example is the generalized baker map [12, 41] . It is defined on the unit
where a ≥ a ′ and Λ 1 , Λ 2 < 1/2. Here we introduce an escape for points y ∈ (a ′ , a) and an inhomogeneity. For Λ 1 < a ′ and Λ 2 > 1 − a, or for Λ 1 > a ′ and Λ 2 < 1 − a, the map Ψ is attractor-repeller type as discussed above. It is everywhere attractive for Λ 1 < a ′ and Λ 2 < 1 − a, is conservative for Λ 1 = a ′ and Λ 2 = 1 − a and is everywhere repelling for
Note that the last case is possible only when there exists an
We show that when the initial distribution function ρ 0 is continuously differentiable in y, and a dynamical function ϕ is continuously differentiable in x and continuous in y, an expectation value of the dynamical function ϕ(x, y) with respect to ρ t decays exponentially:
where the decay rate is equal to the remainder volume per iteration:
and G and H are (possibly) singular functions specified below.
We outline the derivation of (4.2), which is quite similar to that of (3.10), and later, discuss its implications.
The Frobenius-Perron equation governing the time evolution of the distribution func-
which leads to a contractive time evolution of the partially integrated distribution function
where F ′ stands for a contraction mapping:
and R t (x, y) is a function of Q t (1, y):
In terms of Q t (x, y), the expectation value of a dynamical variable ϕ(x, y) is expressed
where d x stands for the Riemann-Stieltjes integral of Q t with respect to x.
To solve (4.4), we first investigate the equation of motion of Q t (1, y):
We observe that, in terms of a function defined by
one has
On the other hand, (4.6) leads to an inequality
Then, one obtains from (4.8)
and, thus,
, the lemma can be applied to the evolution equation (4.4) and one obtains
where G(x) is the solution of a de Rham equation
The desired result (4.2) immediately follows from (4.10a). Now we investigate the implications of (4.2) in cases without and with escape separately.
A. Generalized Baker map without escape
Consider first the case where there is no escape (a = a ′ ). The unit square is then contracted onto a set which is a direct product of a Cantor set in the x direction and the unit interval, [0, 1] , in the y direction. This direct product set is nothing but the strange attractor of Ψ. In this case, H(y) = y and (4.2) reduces to an expression similar to (3.15) for the previous example. And the function G defines an invariant mixing measure µ ph ;
The measure µ ph is the one which provides long-term averages of dynamical functions and thus, is a physical measure. Indeed, when ρ 0 (x, y)dxdy = 1, (4.2) gives
Since µ ph is smooth (more precisely absolutely continuous) with respect to the expanding coordinate y, it is an SRB measure. As shown in Fig.8 , the graph of G(x) is a typical devil's staircase and the measure µ ph is singular. Note that the support of µ ph is the strange attractor of Ψ.
B. Generalized Baker map with escape
When a ′ < a, almost all the points escape the unit square and there appears a fractal repeller, which is singular both in expanding and contracting directions. Then, as we shall see, the invariant measure supported by the fractal repeller is different from the physical measure defined by (1.5), which is not invariant under Ψ.
First we consider the physical measure. The formula (4.2) holds even when a ′ < a.
By setting ϕ ≡ 1 in (4.2), the renormalization factor ρ t (x, y)dxdy is found to be
Hence, the expectation value of ϕ at time t is
This implies that the physical measure defined by (1.5) is identical to that for the generalized Baker map without escape: 14) provided that the ratio a ′ /(1 − a) is common in two cases. As in the previous case, the physical measure µ ph is singular and is supported by a direct product of a Cantor set C 1 along x and the unit interval along y:
Since it is smooth along the expanding y-direction, it is an SRB-like measure.
We observe that the support C 1 ×[0, 1] of µ ph is not an invariant set with respect to Ψ.
Accordingly, the physical measure µ ph is not an invariant measure. Indeed, the measure µ ph satisfies 
Now we turn to an invariant measure µ in on the repeller, which is defined by
The invariance can be seen straightforwardly from the functional equations for G and H.
For example, when x ∈ [1/2, 1/2 + Λ 2 ], one has
Since H(y) is a fractal function similar to those discussed in Sec.II, the invariant measure is singular both along the contracting and expanding directions. This can be easily understood as follows: since the map Ψ eventually transforms the unit square into a direct product of a Cantor set C 1 along x and the unit interval along y: C 1 × [0, 1], the measure becomes singular along x. On the other hand, by the same argument as Ref. 15 , the escape time is found to diverge on a direct product set of the unit interval along x and a Cantor set C 2 along y: [0, 1] × C 2 . The orbits starting from this direct product set remain in the unit square and, thus, the invariant set is a subset of [0, 1] × C 2 . As a result, the invariant measure becomes singular also along y. Actually, the direct product of the two Cantor sets C 1 × C 2 is the fractal repeller of Ψ.
In a similar argument to the derivation of (4.2), one can show that the invariant measure µ in is mixing with respect to Ψ. We note that the invariant measure µ in is an ergodic measure considered by Ruelle [14] for the axiom-A diffeomorphism with escape.
V. CONCLUSIONS
We have explicitly constructed SRB measures for two Baker-type maps employing the similarlity between the de Rham equation and the evolution equation of partially integrated distribution functions. Now we give two more remarks on the physical measures for open systems.
a) In our two examples, we have encountered different types of contracting dynamics that lead to invariant states all of which have singular measures supported on fractal sets. In the first case we considered a modified Baker map on the unit square which globally preserves the area of the square but forms an attractor-repeller pair due to the local contraction and expansion properties of the map. The information dimension is less than 2 and, according to the Kaplan-Yorke formula [2, 3, 41] , it is equal to the Lyapunov dimension :
In the second example of the generalized Baker map, we considered two different cases -global contraction onto a fractal set with and without escape of points from the unit square.
When there is no escape, the invariant set is an attractor whose Hausdorff dimension 1 < H D < 2. If we add the possibility of escape, then the invariant set is fractal in both x and y directions.
b) It is worth mentioning that one can convert a physical measure for a system with escape to the proper invariant measure on the repeller by incorporating into the averaging process described in (1.5) both the characteristic function on the region of the phase space from which points escape, as well as a "survival" function which is unity if the phase point is in the region for the time interval 0 < τ < T , with T > t, and zero otherwise. Then by taking the limit T → ∞, one recovers the invariant measure on the repeller. Such a procedure was used by van Beijeren and Dorfman in order to correctly compute the Lyapunov exponents on the repeller for a Lorentz gas [43] . 
Therefore the stationary measure µ fl for this open system is given by
As it is smooth (i.e., absolutely continuous) with respect to the expanding coordinate y, it is a SRB measure. However, the measure µ fl is different from the SRB measures obtained before since it is absolutely continuous with respect to x. It is only weakly singular in the sense that the density is discontinuous on a Cantor-like set (cf. Fig. 9 ). Actually, such stationary measures become truely singular only for infinite systems [15, 17] . Note that, when a = a ′ , Q t diverges linearly as t → +∞ since there is no escape and the same amount of distribution flows in at every time. 
